SINGULARITIES OF THE SECANT VARIETY 



PETER VERMEIRE 



Abstract. We give positivity conditions on the embedding of a smooth va- 
riety which guarantee the normality of the secant variety, generahzing earher 
results of the author and others. We also give classes of secant varieties satisfy- 
ing the Hodge conjecture as well as a result on the singular locus of degenerate 
secant varieties. 



1. Introduction 

We work throughout over the field C of complex numbers. Our starting point 
is the following corollary of a result [Bl, 1.1] of A. Bertram for complete linear 
systems and [C] of M. Coppens in general: 

Theorem 1.1. [Ve2, 3.2] // X C P" is a 2k-very ample embedding of a smooth 
curve, then Sec'^^^ X is normal and Sec''^^ X \ Sec*^^^ X is smooth. 

For .9 = 1 this has been reproved in [vBH, 8.15-8.16] and in [F] where it is 
further shown that the secant varieties are arithmetically Gorenstein. Theorem 1.1 
was extended in [Vel, 3.10] to: 

Proposition 1.2. Let X C P" be a smooth projective variety satisfying K2. If the 
embedding is A-very ample, then SecX is normal and SecX is smooth off X . 

Recall that a variety X C P" satisfies K2 if it is scheme-theoretically cut out 
by quadrics and the Koszul relations among the quadrics are generated by linear 
syzygies. Condition K2 is implied by the much better known condition N2, where 
the embedding is projectively normal, the ideal is generated by quadrics, and all 
relations are generated by linear syzygies. The connection between Theorem 1.1 
and Proposition 1.2 is that on a smooth curve, a line bundle of degree 2g + 3 induces 
a 4- very ample embedding that satisfies N2 [Gr]. It is typically easier to verify 4- 
very ampleness than it is to verify K2. Conversely, many standard embeddings (e.g. 
Veronese, Segre, Pliicker) satisfy K2, but are not 4- very ample. For example, in 
[LW], results analogous to Proposition 1.2 are shown for some products of projective 
spaces, which satisfy K2 but not the 4-very ample hypothesis: 

Theorem 1.3. [LW, 1.1,1.2] IfX is the Segre embedding ofP^xVxV^, then Sec'' X 

is normal with rational singularities for all r > 1. If X is the Segre embedding of 
pa X pfc X pc X pd 

then Sec X is arithmetically Cohen- Macaulay. □ 

Here we separate the two conditions in Proposition 1.2 and give a result (Theo- 
rem 2.2) absorbing the first stage of the results above. 

We make use of the following elementary, and probably well-known, result: 
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Lemma 1.4. Let f : X ^ Y be a proper surjective morphism of irreducible va- 
rieties over an algebraically closed field k with reduced, connected fibers. If X is 
normal then Y is normal. 

Proof: _ 

Because X is normal, / factors uniquely through the normalization Y of Y: 




g 



where g is a finite, hence proper, morphism. The properness of / and g implies that 

/ is proper ([H, II.4.8.e]), hence its image is closed in Y. Surjectivity of / implies 
that dim Im{f) = dim Y = dim Y, and so / is surjective. Because / has reduced, 
connected fibers, g does also, and so as g is finite the fibers of g are reduced points. 

□ 



2. Results 

2.1. Construction of the Secant Varieties. For X C P" a projective variety, 
we recall a construction from [Vel] describing a vector bundle <^o^(i) on IK'^X = 

Hilb'^(X) and a morphism 

whose image is the full {k — l)st secant variety to X in P". 

Let L be an invertible sheaf on X, and denote by the universal subscheme of 
X X Let TT : X X JC'^X ^ X and ttz : X x J{*=X ^ J{*=X be the projections. 

Form the invertible sheaf 0®^ (g) tt*L on C X x "K^X. Now ■K2\sk ■ ^''X 
is flat of degree k, hence = (7r2), (0®^^ (8> 7r*L) is a locally free sheaf of rank k on 
'K^X. We define the full (fc — l)st secant bundle of X with respect to L to 
be the P'^-i-bundle B^-^{L) = Pm^xC^l)- 

Suppose V C T{X,L) is a fc-vcry ample linear system. To deflne the desired 
map to P(F), push the natural restriction 7r*L 0^^ (8) tt*L down to Jt'^X giving 
an evaluation map H'^{X,L) Oj^tx <S'l which in turn for any linear system 
V C ffO(X, L) restricts to V (S) 0:k>'X ^ , A fiber of over a point Z e :K''X 
is L (g) Ox), so since F is fc-very ample this map is surjective and we obtain 

a morphism: 

I3k-i : B^-^{L) f{V) X 'K^X ¥{V) 

The image of this morphism is the full {k — l)st secant variety to X in P(F). 
Note that as long as V is r-very ample, /3r-2 restricts to /3r-2 : ^r-i X. 

Note that as the Hilbert scheme may have several components (e.g. [I]), this not 
just the closure of the locus spanned by distinct points. The usual [k — l)st secant 
variety Sec'^"^ X is obtained by restricting to the component of the Hilbert scheme 
containing the points corresponding to reduced subschemes. For the rest of this 
paper, when we refer to j3k , we mean the restriction of the j3k constructed above to 
the bundle on this component of the Hilbert scheme. 
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Remark 2.1 Combining this construction with the motivic invariant constructed 
in [A] , wc obtain the foUowing collection of secant varieties which satisfy the (gen- 
eralized) Hodge conjecture. All of the results are obtained via computation of the 
invariant on Hilbert schemes. 

(1) Let X c P" be a smooth surface with pg = 0. Then SecX satisfies the 
generalized Hodge conjecture. 

(2) Let X c P" be a smooth curve of genus at most 2 embedded by a line 
bundle of degree at least 2g + k. Then Sec*' X satisfies the generalized 

Hodge conjecture. 

(3) Let X C P" be a smooth curve of genus 3 embedded by a line bundle of 
degree at least 2g + k. Then See'" X satisfies the Hodge Conjecture. 

(4) Let X C P" bo a smooth curve. Then SecX satisfies the generalized 
Hodge Conjecture. If the embedding is 3-very ample then Sec^ X satisfies 
the Hodge Conjecture. □ 

As a consequence of the above construction, we have: 

Theorem 2.2. Let X c be a smooth projective variety. If the embedding is 
i-very ample then SecX is normal and SecX is smooth off X. If the embedding 

satisfies K2 then SecX is normal. 

We discuss smoothness of the secant variety for embeddings satisfying K2 but 
which are not 4- very ample below (Theorem 2.10). 

Proof: (of Theorem 2.2) Suppose the embedding is 4- very ample. Then this implies 
that the restriction pi : B^{L) \ !^ ^ SccX \ X is an isomorphism since, by the 
above construction, /3i separates secant and tangent lines off of X. Therefore SecX 
is smooth off X. Because, in particular, the embedding is 3-very ample, we have 
the restriction /3i : ^2 ^ X. Since ^2 = BIa {X x X) (e.g. [Go]), we see that if 
X £ X then P^^(x) = li\x X. Thus SecX is normal by Lemma 1.4. 

Suppose the embedding satisfies K2, and let x G SecX\X. By [Vel], x lies in a 
unique linear P*^ spanned by a quadric hypersurface and the scheme-theoretic fiber 
is I3^^{x) = P'^-^ If X G X, then P^^ix) = Bl^X where L is the largest linear 
space in X containing x. Thus SecX is normal by Lemma 1.4. □ 

An obvious problem in attempting to extend Theorem 1.1 to varieties of larger 
dimension is the fact that Hilb*^ X is singular whenever both r > 3 and dimX > 2. 
However, we can give a quick proof of a fact found in [H, 16.17]: 

Proposition 2.3. Let X C P" 6e a 2k-very am.ple emhedding of a smooth projective 
variety. Then Sec*^"^ X is smooth away from Sec*^^^ X. 

Proof: By the 2fc-very ample hypothesis, Pk-i separates fc-secant P'^~^s away 
from Sec*^"^ X, hence is an isomorphism away from /3j^ _\ (Sec'^-^X). Therefore 
Sec''"^ X is smooth away from Sec*""^ X. □ 

2.2. Deficient Secant Varieties. For varieties that satisfy K2, the deficiency of 
the secant variety is nicely tied to the geometry of the embedding: 
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Proposition 2.4. [Vel, 3.12] Suppose X C P" is a smooth, irreducible variety 
satisfying condition K2. Then dim(SecX) = 2dim(X) + 1 — r, where the generic 
pair of points of X lies on a quadric hypersurface of (maximal) dimension r. □ 

We are interested in the following class of varieties 

Definition 2.5. A projective variety X c P" is covered by r-conics if every 

length two subscheme of X lies on a quadric hypersurface of dimension r, and no 
length two subscheme of X lies on a quadric hypersurface of dimension r + 1 . 

Example 2.6 Non-degenerate curves C C P", n > 2, arc covered by 0-conics. 
U2(P") C P^, n > 1, is covered by 1-conics, while Wfe(P") C P'^, n > 1, k > 2, is 
covered by 0-conics. 

Other simple examples are given by the Severi varieties [LV]: W2(P^) C P^ is 
covered by 1-conics (as above); cri,i(P^ x P-^) C P® is covered by 2-conics; G(l, 5) C 
P^^ is covered by 4-conics; and OP^ C P^^ is covered by 8-conics. □ 



Remark 2.7 Note that this is a strengthening of the condition that X is a quadratic 
entry locus (QEL) variety [IR] , [1R2] , [R] , [Fu] , where the condition in Definition 2.5 
is weakened to hold for general points and without restrictions on the dimension of 
the quadrics. □ 

Given a linearly normal variety X C P" satisfying K2 and covered by r-conics, 
we may construct the secant variety SecX C P" as follows: Let IK C Hilb(X) be the 
component of the Hilbert scheme parameterizing quadric hypersurfaces of dimen- 
sion r and let D c Xx IK be the universal subscheme. ThenPj<; ((7r2)^ (0_d (g) nlOxi'i-))) 
is a secant bundle on IK (which is in some sense compatible with the secant bun- 
dle constructed earlier). Pushing the restriction 7rj['0x(l) Od <S) 7rj['0jc(l) to IK 
gives the surjection T{X, Ox{l)) (?) 0^ ^ (7r2)* (Od '» 7rJ0x(l))- This induces the 
morphism 

Pjf {{7^2), {Od <e> TTiOxim ^ vr{x, Ox{i)) X IK ^ pr(x, 0^(1)) 

whose image is the secant variety. 

If X C P" is a smooth variety satisfying K2, then the morphism (p : Bl^P" = 
X ^ P* determined hyO^{2H-E) is an embedding off SecX [Vel, 2.11]. Further, 
we have: 

Proposition 2.8. Suppose X C P" is a sm.ooth, irreducible, non-degenera,te va- 
riety satisfying condition K2. If X is covered by r-conics then the restriction 

: SecX — > P* is a -bundle over the component IK of the Hilbert scheme 

of X parameterizing conic hypersurfaces of dimension r. Further, the exceptional 

locus of TT : SecX — > SecX is the universal subscheme of X x'K. 

Proof: This follows exactly as in §3 of [Vel] using the description of the secant 
variety above. In particular, SecX = Pjt ^<^*Og^^(i?)^ . □ 

Example 2.9 Some interesting special cases are: 

(1) In case r = 0, SecX is a P^-bundle over Hilb^ X [Vel, 3.9]. 
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(2) When X = ^;2(P"), SecX is a P^-bundle over G(l,n) [Vel, 4.14] (note that 
when n = 2, this is (P^)*). 

(3) When X = (P^ x P^) c P^ is a P^-bundle over (P^)* x (P^)*. 

(4) When X = G(l, 5) C P", is a P^-bundle over G(3, 5). 

□ 

In general, we do not know how to determine when IK is smooth, except that 
it is easy to check that if Q C X a quadric hypersurface, then H^{Q,T^ ig) Oq) = 
H\Q,Nq,x). 

By our hypothesis that X C P" is covered by r-conics, the Hilbert functor of 
dimension r conies on X is a subfunctor of the projective Grassmannian functor on 
P" represented by G(r + 1, n). As the universal subscheme of P" x G(r + 1, n) is 
the tautological P''+-^-bundlc over G(r + l,n), this says that ^ G{r + l,n) and 
that the universal subscheme of X x IK is a conic bundle over K^ of dimension r. 
Again, for r = this is [Vel, §3]. 

Corollary 2.10. Suppose X cF"- is a smooth, irreducible, non-degenerate variety 
satisfying condition K2 that is covered by r-conics. IfK is smooth, then SecX is 
smooth, hence SecX is smooth off X. □ 

Acknowledgements: I was led revisit these questions after an exchange with 
J.M. Landsberg. I would also like to thank for D. Arapura for communication 
regarding the Remark 2.1. 

References 



[A] D. Arapura, Varieties with very little transcendental cohomology, arXiv: 0706.2506vl 

[math. AG]. 

[Bl] A. Bertram, Moduli of Rank-2 Vector Bundles, Theta Divisors, and the Geometry of 

Curves in Projective Space, J. Diff. Geom. 35 (1992), pp. 429-469. 

[vBH] H.-C. Graf v. Bothmar and K. Hulek, Geometric Syzygics of Elliptic Normal Curves 

and Their Secant Varieties, Manuscripta Math. 133 (2004), no. 1, 35-68. 

[C] M. Coppens, The singular locus of the secant varieties of a smooth projective curve. 

Arch. Math. (Basel) 82 (2004), no. 1, 16-22. 

[F] T. Fisher, The Higher Secant Varieties of an Elliptic Normal Curve, preprint. 

[Fu] B. Pu, Inductive Characterizations of Hyperquadrics, arXiv:0705.2927 [math. AG]. 

[Go] Lothar Gottsche, Hilbert Schemes of Zero-Dimensional Subschemes of Smooth Vari- 

eties, Springer Verlag Lecture Notes in Mathematics 1572, 1994. 

[Gr] M. Green, Koszul Cohomology and the Geometry of Projective Varieties, J. Diff. 

Geom. 19 (1984), pp. 125-171. 

[H] Joe Harris, Algebraic Geometry, a First Course, Springer- Verlag, New York, 1992. 

[H] Robin Hartshorne, Algebraic Geometry, Springer- Verlag, New York, 1977. 

[I] A. larrobino, Compressed algebras and components of the punctual Hilbert scheme, 
pp. 146-165, Lecture Notes in Math., 1124, Springer, Berlin, 1985. 

[IR] P. lonescu and F. Russo, Conic-Connected Manifolds, math.AG/0701885. 

[IR2] P. lonescu and F. Russo, Varieties with Quadratic Entry Locus H, math.AG/0703531. 

[LW] J. M. Landsbcrg and J. Weyman, On the ideals and singularities of secant varieties 

of Segre varieties, math.AG/0601452. 
[LV] R. Lazarsfeld and A. Van de Ven, Topics in the Geometry of Projective Space, Recent 

work of F. L. Zak, Birkliauser, 1984. 
[R] F. Russo, Varieties with Quadratic Entry Locus I, math.AG/0701889. 

[Vel] P. Vermeire, Some Results on Secant Varieties Leading to a Geometric Flip Construc- 



tion, Compositio Mathematica 125 (2001), no. 3, pp. 263-282. 



6 



[Vc2] P. Vcrmcirc, On the Regularity of Powers of Ideal Sheaves, Compositio Mathematica, 

131 (2002), no. 2, pp. 161-172. 
[Ve3] P. Vermeire, Regularity and Normality of the Secant Variety to a Projective Curve, 

to appear, Journal of Algebra, available at math.AG/0610081. 

Pearce 214, Central Michigan University, Mount Pleasant MI 48859 
E-mail address: vermelpj@cmich.edu 



